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A theorem on the instability of any equilibrium position of a heavy sphere of finite radius in an arbitrary steady potential non-
uniform flow of an ideal fluid is proved. © 1999 Elsevier Science Ltd. All rights reserved.

The problem of the stability of the equilibrium position of a heavy body in a given steady non-uniform
potential flow has been formulated for a small sphere [1] and a small body of arbitrary shape [2].
Lagrangians have been constructed and the fact that there are no points of a local minimum of the
potential energy has been demonstrated. It has also been shown that the Lagrangian for a small sphere
has no linear terms with respect to the velocity and the conclusion has been drawn that any equilibrium
position is unstable [1].

Below we construct an exact expression for the Lagrangian for a sphere of finite radius which moves
in a given non-uniform potential flow. The problem of the stability of the equilibrium position of the
sphere in a non-uniform steady flow in a potential field of mass forces is formulated and solved. The
same properties of the Lagrangian are proved for a sphere of finite radius as have been established for
a small sphere [1]. Hence, from the well-known results on the inversion of the Lagrange—Dirichlet
theorem, it is concluded that the sphere has no stable equilibrium.

1. THE EXACT DYNAMICAL PRINCIPLE
AND THE EQUATIONS OF MOTION

Suppose we are given an arbitrary potential flow of an ideal incompressible fluid with a velocity field
which depends on the time ¢ and the coordinates x(x, y, z)
vo(t,x) = V®y(1,x), V2®y(t,x)=0 (1.1)
2 d

P )
V-iax+jay+kaz

and the pressure pg(t, x). If the mass forces have a potential U, then the pressure and velocity are related
by the Cauchy-Lagrange integral

2
Po +o(2g-°-+"—;-)-pv = f(®) (1.2)

The motion of a body in a flow with velocity field (1.1) can be described using Hamilton’s variational
principle, the exact formulation of which for this case is given in [3, 4].

The real motion of the body between its two given positions is different from the kinematically possible
motions in the same time interval¢ e (¢, ;) in that, for real motion, the variation of the Hamilton action
is equal to zero

)
8fLdt=0, L=T,-TI,+ A (1.3)

L

where T and I, are the kinetic and potential energies of the body and A is the associated Lagrange function.
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The following exact representation was derived in [3]

A= [(v=vy)2dV - [ peav (1.4)
20 v

where v = V& is the potential velocity field of the fluid perturbed by the body, V' is the volume of the
body and Q is the region occupied by the fluid.

If 1,4y, - . . , g are generalized coordinates of the body, then formulae (1.1)—(1.4) define the Lagrange
function of time ¢, generalized coordinates g, and velocities go (¢ = 1, 2, . . ., 6). The equations of
motion of the body can be written in the form

d oL oL
cob % _y a=12..6 15
dt 04, Ogq * (4

Below we shall call the potential velocity field of general form vy(¢, x) a non-uniform flow, and the
time-independent velocity field vy(x)—a non-uniform steady flow. The coordinate-independent velocity
field vy(¢) will be called uniform flow.

2. A SMALL SPHERE IN NON-UNIFORM FLOW. INSTABILITY
OF THE EQUILIBRIUM OF A SMALL SPHERE IN
A STEADY NON-UNIFORM FLOW

We can take the Cartesian coordinates of the centre of the sphere xy(xq, o, 29) as generalized
coordinates. For a sphere of sufficiently small radius @ with potential U = -gz (the gravity field) the
functions (1.4) and (1.3) have the following leading terms of the asymptotic expansion

A= —;—pV | *o - Vo(t, XO) |2 —Vp()(tvx())"’ 0(05)

1 ..
T, =5Mx§, I, = gMz, (2.1)
L =%M*(2) +%pV | io "Vo(t,Xo)'z —Vpo(t,xo)—gMzO

where M is the mass and V' = 4m3/3 is the volume of the sphere.
It can be shown that the terms in xy which are linear with respect to the Lagrange function L can be
eliminated. For, adding the total derivative

d(1 1 ob, .
Z(E pVd, (¢, xo)) = —2~pV(—at9-+xovo)
to the right-hand side of the last expression, we obtain
L= -;—M'iqz, -W, W= % Voo(t,xo) + gzoM’s M’ =M+ —;—pV 22)
Then the equations of motion (1.5) will take the form
. d J 0
M%, =V, W(t,x,), Vo =i+ j—+k—o 23
0 0 N (2.3)

The Lagrange function (2.2) and equation of motion (2.3) of a small sphere in a uniform flow were
obtained in a different way, apparently for the first time, in [1]. Equations (2.3) were derived by Kelvin
for a steady non-uniform flow [5]. The force acting on a fixed small sphere in a non-uniform unsteady
flow was determined by Zhukovskii [6].

In a non-uniform flow a small sphere of mass M moves like a point with mass M’ in a force field with
potential—W. (Below we shall refer to the function—W as the force potential, and the inverse function
as the potential energy.) The effect of non-uniform flow is to add to the mass of the sphere M an
associated mass pJ/2 and to the potential of external forces the term—3Vpg(t, x4)/2.
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The problem of the stability of the equilibrium of a small sphere in a steady non-uniform flow was
posed in [1] and reduced to an investigation of the equilibrium point x = 0 and its stability in accordance
with the equations of motion (2.3). The equilibrium condition Vol = 0 or Vpy = 2gM’V/3 at x = 0
can also be satisfied by the appropriate choice of the potential of non-uniform flow ®y(x). It was noted
that in steady uniform flow the law of conservation of energy

%M’k% +W(xg)=E

holds. In view of the well-known inequality VZp,(x,)<0, the function W(x,) is subharmonic, i.c. it satisfies
the inequality

3

As we know, this function cannot have a local minimum. This property of the given dynamical system
[1] is the analogue of Earnshaw’s theorem in electrodynamics on the lack of a stable equilibrium position
of a point charge in an electrostatic field. Since the potential energy is a harmonic function, it has no
maximum at any point. The instability of systems with a subharmonic force function is discussed in
Section 5.

We shall prove that all the properties determining the instability of a small sphere also hold for a
sphere of finite radius. Thus in Section 3 we shall prove that the Lagrangian of the system for general
steady non-uniform flow can be represented in the form of the sum L = L, + Ly, where L, is a positive-
definite form which is quadratic with respect to the velocities and L, is the force potential, which is
independent of the velocities. Then in Section 4 we establish that ViLq > 0 is a subharmonic force
potential (Section 5) we deduce a theorem on the instability of any equilibrium position of a sphere of
finite radius in a steady non-uniform flow.

3. PROOF THAT THERE ARE NO GYROSCOPIC FORCES

We shall show that the linear terms in Xy in the function A (1.4) can be eliminated not only in the
case of a small sphere, but also for a sphere of finite radius which moves in a steady non-uniform flow
with potential ®y(xg). To do so, we shall represent the velocity field in the first integral of (1.4) in the
form

V—Vgq =V((P"¢) (31)

Both functions @ and @ are harmonic, tend to zero at infinity and on the boundary of the sphere
aV(xy) satisfy the conditions

—L=Xon, —=—"; B=(X—Xg, Y- Y. 2—Z)a 3.2)

where n is the vector of the unit normal to the sphere surface oV.
Thus, the functions ¢ and ¢ satisfy the equation and boundary conditions of outer Neumann problems,
which have unique solutions. The solutions for ¢ and ¢ can be written explicitly in the form

3

o(x,xp) =~ za (xom) (3.3)
_1 a‘bo(xO + Rn)
P(x,xg) = - £ R__—BR dR (3.4)

rt=(x~x0)* +(y-yp)* +(z—2)*
R*=(x" =12 + (¥ = y0)* + (2’ ~ )

The potential ¢ of (3.3) defines the well-known flow about a sphere moving in a fluid which is at rest
at infinity. The potential ¢ of (3.4) is the potential of the part of the flow perturbed by the sphere in
a non-uniform flow with potential ®, and is found from Weiss’s theorem {7, p. 467]. We shall refer to



466 A. G. Petrov

the function ¢ as the Weiss  potential. We substitute expression (3.1) into (1.4) and use Green’s formula,
noting that the function ¢ is linear in the velocity and ¢ is independent of the velocity xo We separate
out the term A,, which is quadratic, the term A; which is linear and the term x, which is independent

of Ay, and obtain

o
= —‘Z‘P [ (@~ ¢>( a(P % S~ [podV = Ay +A,
aV(xy) Vixg)

Ro==2p | #22ds- | pudV, Ag=Lpviid+53+2d) (35)
2 wixg) O vixg)

where n is the outward normal to the sphere V.
We have omitted the term

p ( 3, . 3«9)
A=3 O -+0>- 36
TR LF=at s (3.6)
since it is a total derivative with respect to time
A d( 1
1= —-Z'PV‘bo(xo,yo,Zo) (37

and makes no contribution to the equation of the sphere motion.
In fact, by Green’s formula, using boundary condition (3.2), we can transform (3.6) to the form

On the boundary oV(x,) the function ¢ is equal to P; = —(xAx + ypAy + zAz)/2. The function PV,
is defined and differentiable inside 7 and Gauss’s theorem can be applied to the last integral. Then,
using the property of the harmonic function V(P,V®), we obtain

P, a<b oP
=p | V(BV® )dV——— V(x 04 0+ 0)
V(io) d PR oxg a)’o % dzg

From the theorem on differentiating a composite function, the last expression is the same as (3.7), as
was to be proved.

Thus, the exact expression of the Lagrangian L can be represented by two terms: the positive-definite
form L,, which is quadratic in the velocities, and the force function Ly, which is independent of the
body velocities, and these are found using (1.3) and (3.5)

L= L2 +L0
L,(8,0,,8,,0,0,,8,,%5) =plx, 1> +T, (3.8)
1 -
Ly(0,x0) = —gM(z, +lcosG)+Ep ] vz(x,xo)dV—— § po(x)dV 3.9

Q(XO) V(!o)

The first integral in L is transformed using Green’s formula, and the vector v = V¢ is the velocity with
Weiss’s potential (3.4), which depends on the actual coordinates x and the coordinates of the centre
of the sphere x,.

The generalized coordinates are taken as the three coordinates of the centre of the sphere O(xy, yq,
2p) and the Euler angles 0, 8,, 6,, where 0 is the angle between the axis Oz directed vertically upwards
and the vector I(x. — xg, y. — Yo, 2. — 2p), and the point C(x,, y,, z.) is the centre of mass of the sphere
(see Fig. 1). The kinetic energy T, of a solid sphere comprises the kinetic energy of the motion of the
centre of mass and a the kinetic energy of motion about the centre of mass (Konig’s theorem)

Ty, G,,Bz,e6,,62,x0)—-—M(x0+(mxI) )+— Zli(om
21« =, j<
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where @ = (®,, @,, @3) is the angular velocity vector and I;; are the moments of inertia of the solid
(G,j=1,2,3)
We have thus obtained the required representation of the Lagrange function.

4. PROOF OF THE FACT THAT THE FORCE
POTENTIAL IS SUBHARMONIC

The Lagrange function (3.8) corresponds to a conservatlon system with six degrees of freedom. We
will prove that the force function L, is subharmonic: V 2Lo(xo) = 0. We need the following three lemmas.

Lemma 1. We have the following differentiation formulae

a(xg) Q(xg)
Vo | F(x,x0)dV=[(V+V,)F(x,xq)dV (4.2)
V(Xo) V(x())

where V(xg) is the interior of a sphere of radius a with centre at the point xy and £(xo) is its exterior.
The functions F and F depend on the variables x{(x, y, z), Xo(xg, Yo, 2¢) and are differentiable in the
respective regions Q(xo), V(xo) and the integrals in (4.1) are assumed to be absolutely convergent.

The identity (4.1) is proved by finding the derivative. For the increment of the integral corresponding to the
increment of the argument Aw,, we have

[ F(x, xg+Ax)aV- | F(x, xg)dV =
Q(xq +Ax) Q(xp)

=( | VoF(x, xg)dV+ [ F(x, xo)ndS]Ax+0(Ax)2
Q(xp) N (xp)

where Q(xq + Ax) is the region exterior to a sphere with displaced centre at the point X + Ax), £(xg) is the region
exterior to a sphere with centre at xy and n is the inward normal to V' and the outward normal to Q(xp). Using
Gauss’s formula and dividing by the increment of the argument, we obtain the required identity (4.1). The identity
(4.2) is derived in the same way.

Lemma 2. For the Weiss potential @(x, xo) defined by (3.4) and the potential of a non-uniform flow
d,(x), we have the identities

(V + Vo)(v 4 VO)(.“)(X, XO) =0 (4.3)

We will prove this using Eq. (3.4). Let the arguments x and x; be given the same small increment

Fig. 1.
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Ax. Then the only thing that changes in (3.4) is that xy becomes xy + Ax, while the other variablesr, n
and R remain unchanged. The corresponding increment of the function ¢ satisfies the equation

. Ax</T 3
AX(V"I" Vo)(p =—— I R'a—R—V0¢0(xO + Rn)dR
a o

Hence

atir
(V + Vo)(b = "l j R-§—V0¢P0(xo + Rn)dR
a o oR

Applying the operator (V + V) twice to this identity, by a similar argument we obtain Eq. (4.3) (using
the fact that the function ®y(x) is harmonic).

Lemma 3. The square of the velocity v(x, Xp) = V@ with Weiss potential and the pressure po(x),
determined from the Cauchy-Lagrange integral (1.2), satisfy the inequalities

(V+V(V+V)¥(x, x9)=

39/’ 3%
=2U(V+V0)a—x1 +|(V+V0)3;

D, [
ox |

+

99|
(V+V,) p

2
J =0 44)

3D, [
v—2o =0
azlJ

3%, [
ay |

Proof. Bearing in mind Eq. (4.3) and the consequent identity and making the obvious transformation, we obtain
the first inequality of (4.4)

+|V +

~(V+V XV+V)po(x)= pﬂV

(VA VUV V)X, x0)=V((V+V)V+V)p(x, x4))=0

3
(V+V)(V+ V)P x)=2F @, (V+VXV+ Voo, +I(V+ V)b, )=
k=1
3
=3 2H(V+Vy)i 12
k=1

The second inequality of (4.4) is derived in the same way.

We now prove that the force function Ly(xg) is subharmonic.
We apply the operator V, twice to the function Ly(xy) in (3.9). Using identities (4.1) and (4.2) in
succession we obtain

V2Lo(Xe) = -g- | (V+V)(V+V)¥adV— | V2py(x)dV (4.5)

Q(xg) Vixg)

Applying inequalities (4.4) of Lemma 3 to the integrands in (4.5) we obtain the required condition
V2Lo(xg) = 0 (4.6)

from which it follows that the function Ly(x,) cannot have a local maximum at any point. Hence, using
well-known results on the inversion of the Lagrange-Dirichlet theorem we obtain a theorem on the
stability of the equilibrium of a sphere of finite radius a in a non-uniform steady flow (Section 5)..

We can prove a more general statement. The angles 84, 6, may be cyclic coordinates. Then the sphere
can perform steady motion with constant angular momentum with fixed centre xg. Any such steady
motion will also be unstable. For, the function T, does not depend explicitly on the coordinates x,. Thus
by using Routh’s method to eliminate the cyclic coordinates, we find that the additional potential energy
will be independent of x, and all the results on the lack of a local minimum of the potential energy
remain valid.
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5. THEOREMS ON THE STABILITY OF EQUILIBRIUM IN THE CASE
OF A SUBHARMONIC FORCE POTENTIAL

Suppose that at the origin of coordinates the system with Lagrangian (3.8) satisfied the equilibrium
condition

1 N
Volo(®, xo)=gM+—pVy | ¥(x, x0)dV -V, | po(x)dV =0 (5.1)
2 Q(X()) V(Xo)

where the velocity v(x, x) with Weiss potential and pressure of non-uniform flow py(x) can be expressed
in terms of the arbitrary function ®y(x) using formulae (3.4) and (1.2). The arbitrary function ®gy(x)
can be chosen to satisfy condition (5.1). For example, we could choose a family of potentials K®, with
axial symmetry with respect to the z axis. Then both integrals in (5.1) will be in the direction of the
gravitational acceleration g and proportional to K;. Equation (5.1) will be satisfied with the appropriate
value of the coefficient K.

The expansion of the force potential in a Maclaurin series at the equilibrium point x = 0 will have
the form

Loy=L@ 4+ [® 4+ LW + (5.2)

where L™ is a polynomial of degree n, homogeneous in the coordinates.

If L® % 0, by virtue of (4.6) V2L® = 0. In that case the instability of the equilibrium follows from
Lyapunov’s theorem on instability in a first approximation (see [8], for example). This is the most
common case of the equilibrium of such a system. Note that Earnshaw concluded, on the basis of this
result, that a charge is unstable in any electrostatic field.

In the degenerate case L® = 0series (5.2) can begin with a homogeneous polynomial of higher than
the second degree

Lo=L® 4+ L0+D 4 pn>2

and, from subharmonic condition (4.6), L will not have a local maximum at zero. The theorems of
Chetayev [8] and others [9, pp. 88-90] on the inversion of the Lagrange-Dirichlet theorem, are used
to prove that the equilibrium is unstable under special conditions in this degenerate case. The result
obtained in [10] completely solves the problem of proving the theorem on the instability of equilibrium
of the given system: “Let the force function be subharmonic and let its Maclaurin series be non-zero;
then equilibrium x = 0 is unstable”. Instability in the Earnshaw problem in the degenerate case follows
from this result in [10].

I wish to thank E L. Chernous’ko for his interest.

This research was supported financially by the Russian Foundation for Basic Research (96-01-00399).

REFERENCES

. CHERNOUS’KO, F L., The motion of a heavy body with a cavity containing an ideal liquid and an air bubble. Prikl. Mat.
Mekh., 1964, 28, 4, 735-745.

2. VOINOV, O. V. and PETROV, A. G., The stability of a small body in a non-uniform flow. Dokl. Akad. Nauk SSSR, 1997,
237, 6, 1303-1306.

3 VOINOV, V. V,, VOINOV, O. V. and PETROV, A. G., Hydrodynamic interaction of bodies in an ideal incompressible liquid
and their motion in non-uniform flows. Prikl. Mat. Mekh., 1973, 37, 4, 680-689.

4. PETROV, A. G., The Hamilton principle and some problems of the dynamics of an ideal fluid. Prikl. Mat. Mekh., 1983, 47,
1, 48-55.

5. THOMSON, W, On the forces experienced by solids immersed in a moving liquid. Proc. Roy. Soc. Edinb. 1872 [1870], 7,
60-63.

6. ZHUKOVSKII, N. Ye., Generalization of the Bjerknes problem of the hydrodynamic forces acting on pulsating or oscillating

bodies inside a liquid mass. In Collected Papers. Vol. 2. Hydrodynamics. Gostekhteoretizdat, Moscow, 1949, 670-688.

MILNE-THOMSON, L. M. Theoretical Hydrodynamics. 4th edn. Macmillan, New York, 1960.

. CHETAYEV, N. G., Stability of Motion. Nauka, Moscow, 1990.

. ROUCHE, N, HABETS, P. and LALOY, M., Stability Theory by Lyapunov’s Direct Method. Springer, New York, 1977.

. KOZLOV, V. V,, On a problem of Kelvin. Prikl. Mat. Mekh. 1989, 53, 1, 165-167.

—

—
[SRY-R- R

Translated by R.L.



